Bohmian mechanics is a theory that provides a consistent explanation of quantum phenomena in terms of point particles whose motion is guided by the wave function. In this theory, the state of a system of particles is defined by the actual positions of the particles and the wave function of the system; and the state of the system evolves deterministically. Thus, the Bohmian state can be compared with the state in classical mechanics, which is given by the positions and momenta of all the particles, and which also evolves deterministically. However, while in classical mechanics it is usually taken for granted and considered unproblematic that the state is, at least in principle, measurable, this is not the case in Bohmian mechanics. Due to the linearity of the quantum dynamical laws, one essential component of the Bohmian state, the wave function, is not directly measurable. Moreover, it turns out that the measurement of the other component of the state-the positions of the particles-must be mediated by the wave function; a fact that in turn implies that the positions of the particles, though measurable, are constrained by absolute uncertainty. This is the key to understanding how Bohmian mechanics, despite being deterministic, can account for all quantum predictions, including quantum randomness and uncertainty.
I. INTRODUCTION
Most quantum experiments produce results that cannot be predicted with certainty. No matter how we improve our experimental techniques, this uncertainty will not diminish. Any attempt to explain why this is so will of course depend on which theory is used to describe the quantum world. In this paper, we will explain the origin of quantum randomness and uncertainty from the standpoint of adopting (non-relativistic) Bohmian mechanics [1] [2] [3] as that theory.
Both classical mechanics and Bohmian mechanics are deterministic theories. This means that the specification of the complete state of a (classical or Bohmian) system at one time t 0 , together with the laws of the theory, is compatible with only one state of the system at any other time t = t 0 . So, if the complete state of a (classical or Bohmian) system is specified at one time, the whole history of the system is determined. Obviously, the two theories differ in terms of their laws and also in what needs to be specified in order to provide a complete characterization of a system. In classical mechanics, the state of a system is fully characterized if the velocities and positions of the particles that constitute the system are provided at an initial time. In contrast, a complete characterization of a Bohmian system requires both the initial positions of its constituent particles to be given and also the initial wave function that guides them.
Very often, determinism is associated with absolute predictability. However, this association is unjustified. For instance, if a classical system is chaotic, since its state can only be known with a finite degree of precision, its evolution after a period of time will be uncertain. Moreover, if the system is macroscopic and has some 10 23 particles, measurement of all the initial conditions (the position and the velocity of each particle in the system) is not practically possible. But, without knowledge of the initial conditions that completely characterize the state of the system, its future evolution cannot be predicted. These sources of unpredictability in classical systems are also found in Bohmian mechanics. There are, however, two fundamental differences between classical and Bohmian unpredictability.
The first difference has to do with the experimental accessibility of the state, i.e., the initial conditions. We usually determine the initial conditions of a system by measuring them. In classical mechanics-and despite all the practical difficulties mentioned above-the idea that the initial conditions of a system can (theoretically) be measured is not problematic. We will show that in Bohmian mechanics this is not the case. It follows from the dynamical laws of Bohmian theory themselves that the wave function of a system cannot be measured. In addition, if the wave function is somehow known and we want to subsequently measure the positions of the particles, this measurement process itself will unavoidably modify the initial wave function.
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The second difference between classical and quantum theories has to do with the typical initial conditions that can be assumed in scenarios where their exact values cannot be known. Most quantum experiments are analyzed by assuming the initial wave function of the system to be given (say, by means of a suitable procedure of preparation of the system). Thus, in order to analyze quantum experiments, only a statistical assumption regarding the distribution of the initial positions of the particles is needed. The so-called quantum equilibrium hypothesis states that the distribution of the positions of particles is given by the modulus squared of their wave function [4] . This hypothesis is of paramount importance, since it allows us to quantify precisely the the degree of quantum uncertainty in an experiment and it guarantees the empirical equivalence of Bohmian mechanics and the standard quantum-mechanical approach.
Now that we have given this brief introduction to the topic, we can advance that the structure of the rest of the paper is as follows. In section II, we discuss why, according to Bohmian mechanics, the initial conditions cannot be properly measured. First, in subsection II A, we briefly introduce the dynamical laws of the theory and we discuss the distinction between the universal wave function, the conditional wave function and the effective wave function of a subsystem; since these distinctions are important for understanding the origin of uncertainties in Bohmian mechanics. Then in subsection II B, after explaining why in classical mechanics the initial conditions can in principle be measured, we show why the wave function cannot be measured; and finally, we show that a measurement of position typically disturbs the wave function. In section III, we introduce the quantum equilibrium hypothesis, explaining its meaning in subsection III A, its justification in subsection III B and in subsection III C, the absolute unpredictability of quantum mechanics that emerges as a direct consequence of quantum equilibrium hypothesis. Next, in section IV, we add some further considerations concerning the relation between randomness, measurement and equilibrium. Then finally, in section V, we summarize our conclusions.
II. A DYNAMICAL DISCUSSION OF RANDOMNESS
In this section, we want to highlight the differences between classical measurements and Bohmian measurements. As we have just mentioned, we will show that, according to Bohmian mechanics, there are fundamental limits to the possibility of determining the initial conditions of a given system through measurement-a sort of limit that we do not find in classical measurements. Due to this inherent limitation on the determination of the initial conditions, the subsequent evolution of the system cannot be predicted.
A. A brief introduction to the dynamics of Bohmian mechanics
Throughout this section we will be mainly concerned with the dynamics of Bohmian Mechanics. So, in what follows we present the basic dynamical laws of the theory [2, 3] . We take advantage of this presentation to introduce three different types of (Bohmian) wave functions that are relevant for our later discussion. For ease of exposition and understanding, we will focus on a non-relativistic Bohmian world with spinless particles "living" in a one-dimensional physical space. The generalization to a 3D physical space inhabited by particles with spin does not change any of our conclusions.
The universal wave function
Bohmian Mechanics is a quantum theory in which the complete state of the whole system of particles in the universe, say N , is given by the universal wave function Ψ(x, t) with x = {x 1 , x 2 , ..., x N }, and by the actual positions of the particles X(t) = {X 1 (t), X 2 (t), ..., X N (t)}. The universal wave function evolves according to the many-particle Schrödinger equation:
where m i is the mass of the i-th particle and the Hamiltonian operatorĤ contains, both, the kinetic energy term and the potential energy term, U (x, t), of all the particles. In addition, the trajectory of each particle is given by the integral of the particle's velocity v i (x, t) defined through the so-called guidance equation:
In order to derive the Bohmian trajectories from Eq. (2), we need to specify the initial position of all the particles, X(0) = {X 1 (0), X 2 (0), ..., X N (0)}. In turn, in order to solve the Schrödinger equation given in Eq. (1), the universal wave function at a given initial time, Ψ(x, 0), must be specified. As we say above in the Introduction, Bohmian mechanics is a completely deterministic theory in the sense that specification of the complete state of the universe at one initial time, Ψ(x, 0), X(0) , together with the laws given in Eqs. (1) and (2), is compatible with just one state of the universe for any other time t, Ψ(x, t), X(t) . In this regard, the dynamical laws of Bohmian mechanics are as deterministic as the dynamical (Newtonian or Hamiltonian) laws of classical mechanics 1 . The following continuity equation for the modulus squared of the wave function can be straightforwardly obtained from Eq. (1):
Now, suppose that we do not know the initial positions of the particles, but that we assume that they are in accordance with a given statistical distribution ρ(x, 0). It follows from Eq. (3) that if this initial distribution is given by ρ(x, 0) = |Ψ(x, 0)| 2 , then the dynamics preserves the form of this distribution; that is, for any other future time t, the distribution is ρ(x, t) = |Ψ(x, t)| 2 . When the distribution is preserved by the dynamics, as happens for ρ(x, 0) = |Ψ(x, 0)| 2 , we say that this distribution is equivariant.
The conditional wave function
In situations of practical interest, we are not concerned with the whole universe but with smaller subsystems, i.e., a particle or a collection of particles in our laboratory. However, the wave function that appears in the postulates of Bohmian mechanics, Eqs. (1) and (2), is the universal wave function, Ψ(x, t). If we want the theory to make contact with real applications, we need some tools that enable us to refer to and to characterize arbitrary subsystems of the universe. In Bohmian mechanics, those tools are the so-called conditional and effective wave function of a given system.
Let us first define the conditional wave function of a system. For simplicity, we will focus on a specific particle, labeled a, with the configuration variable x a 2 . By definition, the conditional wave function ψ a (x a , t) is:
where Y(t) = {X 1 (t), ..., X a−1 (t), X a+1 (t), ..., X N (t)} are the positions at t of all the particles except a. It is usual to refer to the set of all particles except a as the environment of a. Note that whereas the universal wave function is a function defined in the N -dimensional configuration space of the universe, the conditional wave function is a function only of x a (and time). It follows from Eq. (2) , that the velocity of a is given by the function ψ a (x a , t) through the corresponding guidance equation:
Therefore, all the dynamics of a quantum (sub)system can be inferred from its conditional wave function. However, in general, the conditional wave function does not evolve according to the Schrödinger equation, but it obeys its own (more complicated) equation [5] :
where U (x a , Y(t), t) is the potential that appears in Eq. (1) evaluated at Y(t). Eq. (6) demonstrates that such a singleparticle wave equation exists; however, we do not know the exact form of the terms G(x a , Y(t), t) and J(x a , Y(t), t) because to know these terms we would need to have complete knowledge of the (universal) wave function [5] . Our ignorance of these terms is certainly a source of uncertainty in our predictions. This source of uncertainty is of the sort that appears in (classical or quantum) open systems due to the interchange of particles and energy with the (unknown) environment.
The effective wave function
While the evolution of the conditional wave function for a quantum subsystem is given by Eq. (6), which is not exactly the Schrödinger equation, Bohmian theory provides the concept of the effective wave function of a quantum subsystem, whose equation of motion is exactly the Schrödinger equation. Once again, let us focus on particle a and let y ≡ (x 1 , ...., x a−1 , x a+1 , ..., x N ) be the position variables of a's environment 3 . Now suppose that the universal wave function, over some time interval (for example, for t ∈ [t 0 , t 1 ]), can be decomposed in the form:
where θ(y, t) and Ψ † (x a , y, t) are functions with macroscopically disjoint supports. In addition, we assume that Y(t) lies within the support of θ(y, t). If these conditions are met, then we refer to φ a (x a , t) as the effective wave function of a. It is straightforward to show that the equation of motion for the effective wave function φ a (x a , t) during t ∈ [t 0 , t 1 ] is the usual Schrödinger equation:
and the Bohmian velocity is just:
.
We should note that the form of the universal wave function Ψ(x a , y, t) in Eq. (7) implies a separable potential U (x, t) = U a (x a , t) + U y (y, t). We emphasize that the effective wave function of a quantum (sub)system does not always exist; however, when the effective wave function exists, it is equal to the conditional wave function 4 . In exactly the same way as we developed Eq. (3), a new continuity equation can be deduced from Eq. (8):
Whenever in orthodox quantum mechanics a definite wave function is attributed to a given subsystem, that wave function corresponds with the Bohmian effective wave function. We will see in subsection III A that Eq. (10) guarantees equivariance, which will be relevant to ensure the empirical equivalence between Bohmian and orthodox quantum mechanics. Bohmian mechanics is a holistic theory. Strictly speaking, its postulates Eqs. (1) and (2) only apply to the universe as a whole. Therefore, when it comes to assessing the ontology of the theory, the fundamental objects are the particles with positions X(t) = {X 1 (t), X 2 (t), ..., X N (t)} and the universal wave function Ψ(x, t). As we have seen, in order to deal with subsystems of the universe, the conditional wave function is introduced. The conditional wave function of a given subsystem is not fundamental but it supervenes on the fundamental X(t) and Ψ. From Eq. (5), it can be seen that the complete dynamics of a subsystem is determined once both its conditional wave function and the initial positions of its constituent particles are specified. Thus, we can say that the complete state of a subsystem is given by its conditional wave function and the position of its particles-even though its conditional wave function is not a primitive object in Bohmian mechanics.
The conditional wave function for a subsystem does not evolve according to the Schrödinger equation, but is a solution of the more complicated Eq. (6). Yet we have seen that, when a subsystem is sufficiently decoupled from its environment so that the conditions for it to have a well-defined effective wave function are satisfied, then its effective wave function actually does obey the Schrödinger equation, Eq. (8) . In this case, once again the evolution of the system is determined when both the initial positions of its constituent particles and its effective wave function are specified. In the rest of the paper, when we refer to the wave function of a given subsystem of the universe, we are of course referring to its conditional wave function (or to its effective wave function, if the system has one) even if we do not make it explicit.
B. Explanation of unpredictability based on the dynamics
We next want to highlight the contrast between classical and Bohmian mechanics when it comes to experimentally determining the initial conditions of a system. In order to do so, in subsection II B 1 we discuss a very simple model of a classical measurement interaction represented by an impulsive Hamiltonian. It will follow from this discussion that, in principle, both the position and the velocity of a particle can be measured without an appreciable perturbation. Then, in subsection II B 2, we show why the wave function cannot be measured; and in subsection II B 3, we show that a Bohmian measurement of the position typically disturbs the wave function.
Measurement of the initial conditions in classical mechanics
We consider a one-dimensional classical system (object) of mass m and the measurement of the property A(x, p x ) of the system, where x is the position coordinate of the object and p x its momentum. To perform the measurement, we consider a pointer, whose position and momentum are denoted by y and p y respectively. We assume that the Hamiltonian governing the interaction between the object and the apparatus has the following form:
where g is a coupling constant. The total Hamiltonian of the system-plus-apparatus is composed of the interaction term H int in Eq. (11) plus the kinetic energy of the object and of the apparatus. We consider that during the course of the interaction H int is the only relevant term in the Hamiltonian. Then, the classical equations of motion can be obtained by substituting Eq. (11) into Hamilton's equations:
It can be seen from Eq. (13) that the value of the time derivative of the position of the apparatus is correlated with the value of A(x, p x ). From Eqs. (12) and (14), we see, however, that the variables x and p x are disturbed during the measurement process. However, such disturbance can be made arbitrarily small by assuming p y ≈ 0. From Eq. (15) it follows that the momentum of the pointer remains constant during the whole interaction (its temporal derivative is zero). Therefore, if we consider P y (0) ≈ 0 at the initial time, the expressions Eqs. (12) and (14) are greatly simplified. In this case, the above equations can be easily integrated, yielding:
Now it can be seen that neither the position of the object nor its momentum are altered during the measurement process. We would like to note that from the second expression in Eq. (16), the value of A(X(0), P x (0)) can be determined if the initial and final positions of the pointer, Y (0) and Y (t), are known. Given these results, it is easy to show how we can measure the position and momentum of the object at the same time without causing a significant disturbance their values. To do this, we just assume an interaction with two pieces of apparatus (whose pointers are represented on this occasion by the variables y, p y and z, p z , respectively) so that the interaction Hamiltonian is now:
where g and h are the coupling constants between the object and the first and second pieces of apparatus, respectively. Applying simplifications analogous to those in the previous case, the following equations of motion are obtained:
If the position of the respective pointers at the end of the interaction is known, then both the position and the initial velocity of the object can be directly inferred from Eq. (19). Having this knowledge is a necessary (but not sufficient) condition for precisely predicting the posterior behavior of the particle. As we will see next, in Bohmian mechanics the detailed initial conditions of a system cannot be properly measured, so in the context of this theory not even this necessary condition can be met.
Measurement of the wave function in quantum mechanics
As we have repeatedly stressed, the initial conditions of a quantum system are its wave function ψ and the initial positions of its constituent particles. As opposed to what happens in the classical case, in Bohmian mechanics one of the initial conditions-the wave function-cannot be properly measured [6] . The argument leading to the nonmeasurability of the wave function is rather simple and only the linearity of the quantum dynamical laws needs to be assumed.
We are interested in developing an apparatus that is capable of measuring the wave function ψ(x, t) of an object with position variable x. We will assume that such measuring apparatus is an additional quantum system whose final pointer position Y (t f ) allows us to infer the wave function that is subjected to the measurement. Let φ R (y, 0) be the (effective) wave function of the apparatus when it is in the initial state-ready for the measurement-where y is the position variable of the apparatus. When needed, we will refer to the (effective) wave function of the composite system as Φ(x, y, t). We consider, for the sake of our argument, two possible initial wave functions of the object, ψ 1 (x, 0) and ψ 2 (x, 0), which allows us to define two different initial wave functions of the composite system, Φ 1 (x, y, 0) = ψ 1 (x, 0)φ R (y, 0) and Φ 2 (x, y, 0) = ψ 2 (x, 0)φ R (y, 0). A proper measurement interaction must provoke a correlation between the wave function of the system and the pointer of the apparatus, so that the two initial wave functions, Φ 1 (x, y, 0) and Φ 2 (x, y, 0), are associated with two different values of the pointer's position at the end of the measurement. The temporal evolution of the joint wave function Φ(x, y, t) leading to the desired correlation between the object and the apparatus is given by the linear Schrödinger equation:
where the term B(x, y, t) is responsible for the proper correlation between any ψ(x, t) and Y (t). Note that the evolution of Φ(x, y, t) during the measurement is not separable. In order for the interaction to constitute an (ideal) measurement of the wave function of the object, the evolution of the global wave function from t = 0 till t = t f , through the corresponding Schrödinger equation in (21), must be:
where φ 1 (y, t f ) is the final wave function of the apparatus indicating that the measured wave function is ψ 1 (x, 0). In the same way:
where φ 2 (y, t f ) is the final wave function of the apparatus indicating that the measured wave function is ψ 2 (x, 0). The wave functions φ 1 (y, t f ) and φ 2 (y, t f ) need to have macroscopically disjoint supports 5 so that when we observe Y (t f ) ∈ supp φ 1 (y, t f ), we take this as an unambiguous indication that the result of the measurement is that the wave function of the object is ψ 1 (x, 0). Similarly, when we observe Y (t f ) ∈ supp φ 2 (y, t f ), we take this as an unambiguous indication that the result of the measurement is that the wave function of the object is ψ 2 (x, 0). Now, let the initial wave function to be measured be ψ 3 (x, 0) = (ψ 2 (x, 0) + ψ 1 (x, 0))/ √ 2. Note that such a state always exists in the Hilbert space of the object system. If we use the same measuring device as before, it follows from (22) and (23), and the linearity of the Schrödinger equation that the evolution of the joint state will be:
Given the final state
, the laws of Bohmian mechanics entail that, at the end of the measurement, the pointer's position will lie either within the support of φ 1 (y, t) or within the support of φ 2 (y, t). However, if Y (t f ) ∈ supp φ 1 (y, t f ), we have assumed that the result of the measurement is that the wave function is ψ 1 (x, t f ) (and not ψ 3 (x, t f )); alternatively, if Y (t f ) ∈ supp φ 2 (y, t f ), the pointer's position is taken as an indication that the result of the measurement is that the wave function is ψ 2 (x, t f ) (and not ψ 3 (x, t f )). In conclusion, it can be seen that it is not possible to have an apparatus whose operation is based on the linearity of the Schrödinger equation that measures all wave functions 6 . If our measuring apparatus is designed to measure the wave functions ψ 1 (x, t f ) and ψ 2 (x, t f ), it will be unable to measure correctly a new wave function constructed as a linear combination of the previous two, such as ψ 3 (x, 0) = (ψ 2 (x, 0) + ψ 1 (x, 0))/ √ 2.
Measurement of position in quantum mechanics
In the previous subsection, we show that the wave function cannot be measured. Since the motion of a quantum system is governed by the wave function, this has important consequences for the unpredictability of the future behavior of quantum systems. At this point, the reader may object that, in many situations, physicists assume that they know what the wave function of a given system is. For instance, by measuring the energy of a system, we can assume that the effective wave function of the system (after the measurement) is an eigenstate corresponding to the measured energy eigenvalue. However, strictly speaking, this procedure for obtaining information on the wave function cannot be considered a measurement of the wave function, since the wave function has not been measured; only the energy has 7 . In the literature, this procedure is defined as "preparation" of the wave function. In this subsection, we bolster our results from the previous subsection by showing that, if we assume that we know the initial wave function thanks to a specific preparation technique, and we want to measure the Bohmian position of the particle in the system in order to determine both initial conditions, the measurement of the position perturbs the initial wave function so we cannot have knowledge of both.
Let us consider, again, that we have two systems: the object with position variable x and the apparatus with position variable y. We can assume that this latter position represents the center of mass of the pointer. We have prepared the object system in such a way that we know its wave function and we subsequently want to measure its position. The (effective) two-dimensional wave function of system plus apparatus is Φ(x, y, t) and its initial value is, for example, the product of two Gaussian wave functions at rest with initial dispersions of σ x = 15nm and σ y = 0.5nm respectively:
The modulus at the initial time, |Φ(x, y, 0)| 2 , together with the initial positions of the system and pointer, {X(0), Y (0)}, is plotted in Fig. 1 .
We will assume that the interaction is governed by the following interaction Hamiltonian H int = gA(x)p y , similar to the Hamiltonian we use in Eq. (11) for modelling a classical measurement. Here, g = 10 5 m/s, p y = ih∂/∂y and the function A(x) = 2n p (x) + 1 where n p (x) is equal to the integer number p when p∆ ≤ x < (p + 1)∆ with ∆ = 15 nm. In the limit ∆ → 0 we have A(x) ∝ x as in Eq. (18). Therefore, in our simulation, we use the following 6 Any additional information regarding a particular ψ could imply the inclusion of a ψ-dependent term B(x, y, t, ψ) which breaks the linearity of Eq. (21). 7 The wave function is a hidden variable in the sense that it cannot be measured directly and we can only obtain information about it from the measurement of other variables. It is surprising that, nevertheless, the expression "hidden variable" has typically been reserved for the positions (and not the wave function) when in fact the positions can be routinely measured just by using a suitably placed detecting screen. equation:
The interacting term H int generates a correlation between the position of the system X(t) and the position of the pointer Y (t). Such a correlation allows us to "look" at the position of the pointer and infer from it the position of the system (with some technical uncertainty related to the finite value of ∆, which would disappear in the limit ∆ → 0). In Fig. 2 , the pointer of the apparatus indicates a final value Y (t f ) = 20 nm at the final time t f after the measurement, which is perfectly correlated with the position of the Bohmian particle X(t f ) = 20 nm. At this final time, the one-dimensional (effective or conditional) wave function of the quantum system alone can be defined as φ(
The relevant point is that the one-dimensional (conditional) wave function Φ(x, Y (t f ), t f ) strongly depends on the pointer position and, even worse, it does not resemble the initial conditional wave function Φ(x, Y (0), 0) at all. The moral of this analysis should now be clear: measuring the position of the system involves a great perturbation of its wave function.
It is important to note that if we use a highly localized wave function in the x-direction, instead of the Gaussian wave packet in Eq. (25), then we will obtain information on the position without disturbing this localized wave packet. Here, we are referring to a wave packet whose support is localized inside a step interval ∆ (i.e., eigenfunctions of the position operator when ∆ → 0). Then, for this localized wave packet, the term A(x) has no spatial dependence and H int only affects the y wave function. In other words, Eq. (26) is separable and the measurement of the position does not perturb the (localized) wave function. Unfortunately, most of the wave functions of practical interest are not eigenfunctions of the position operator and measuring the position implies perturbation of the wave function. It should be noted, in addition, that the time evolution of a spatially extremely narrow wave function (close to a delta function), due to the guidance equation (2), implies such a large dispersion in the velocity of the particle that an infinitesimal variation of the initial position inside the initial wave packet provokes a large variation in its final position (as in a chaotic system [15] ). In short, if the wave function is close to a position eigenstate, we are in the situation of approximately knowing the wave function and the position at the initial time through a measurement; however, this situation also leads to an effective unpredictability of the future behavior of the system.
FIG. 2:
Probability density of the (effective) wave function Φ(x, y, t f ) at the final time t f and (filled-in (blue) circle) the corresponding (Bohmian) position {X(t f ), Y (t f ))} in the two-dimensional system-plus-apparatus configuration space. The (effective) unitary Schrödinger equation of the system plus apparatus does not depend on the Bohmian position, but its evolution allows a correlation between different X(t) and different Y (t). Such correlation is a measurement of the Bohmian position of the particle, with the corresponding perturbation of the wave function (Color figure online).
So far we have shown that, assuming a particular Hamiltonian interaction, H int = gA(x)p y , a measurement of the position disturbs the initial conditional wave function (unless the latter is a position eigenstate). Obviously, this is not a general result and the reader may wonder whether, by means of another interaction between particles x and y, the position of x can be measured without disturbing the wave function. We want to argue, next, that this cannot be the case.
In order to do so, we will assume an interaction between x and y such that it does not provoke a modification of the conditional wave function of x 8 . If this interaction is to be a measurement of the position, then obviously it should connect different initial positions of x with different final positions of the pointer, so that by looking at the final position of the pointer y, the position of x can be inferred. It is clear then that a necessary condition for the interaction to constitute a measurement is that it needs to induce a channelization of Φ(x, y, t f ) in the y-space so that at the final time t f , several positions of the pointer can be discriminated. Now, if this latter requirement is combined with the former (namely, that the conditional wave function of x is not disturbed as a result of the interaction), we obtain a situation similar to that depicted in Fig. 3 . Here, we see that the different branches of Φ(x, y, t f ) associated with the different possible final positions of the pointer all have the same shape in the x-space. Note, that this is in striking contrast with the situation depicted in Fig. 2 where each branch of Φ(x, y, t f ) associated with one possible 8 In order to avoid any perturbation in the x-wave function (as discussed for the position eigenstate), we consider ∆ → ∞ which means that we have eliminated the x-dependence of the function A in Eq. (26). Therefore, from Eq. (25), the x-wave packet evolves independently of the y-wave packet at all times. One can clearly see that, as desired, the velocity in the x-direction is zero because the phase of the Gaussian in the x-direction remains x-independent all the times: vx(x, y, 0) = vx(x, 0) =h m Im final position of the pointer clearly has a different projection on the x-axis. But the former result is imposed by the requirement that, for all possible final positions of the pointer Y i (t f ), the conditional/effective wave function Φ(x, Y i (t f ), t f ) must be equal to the initial effective wave function of x: Φ(x, Y (0), 0). The evolution represented in Fig. 3 has a dramatic consequence. It does not produce any dynamical correlation between Y (t) and X(t). It can be accepted that, by chance, the pointer may indicate Y (t f ) = 20 nm when the position of the system is X(t f ) = 20 nm. Yet there will be no such coincidence for other possible initial positions of the pointer. In fact, according to the quantum equilibrium hypothesis, which we discuss in more detail in the next section, there are infinitely many Bohmian trajectories such that, while the pointer ends in position Y (t f ) = 20 nm, the position of x is not X(t f ) = 20 nm but any other value. So it is clear that the interaction represented in Fig. 3 cannot be considered a measurement of x position.
A final remark is required here. We can conceive a rather special universe in which, for all systems initially characterized by the wave function Φ(x, y, 0) that undergo the interaction we are now considering, the available initial positions {X(0), Y (0)} are initially distributed in such a way that the pointer Y (t f ) shows an apparent correlation with X(t f ) in spite of both variables x and y evolving independently. For example, imagine that our special universe only contains the following 5 initial pairs of particles positions that are deterministically associated with the final pairs of particle positions indicated: 
In fact, the apparatus is not doing anything; the initial conditions of our universe are so special that it seems that there is a perfect correlation between X(t f ) and Y (t f ): when the system is in X(0) = 2 nm the final pointer indicates Y (t f ) = 2 nm without distorting the wave function of the system, when the system is in X(0) = 8 nm the final pointer indicates Y (t f ) = 8 nm without distorting the system wave-function, and so on. Such a universe is certainly possible, but highly atypical. Assuming that such an atypical universe (or other universes with similar pathologies) can be disregarded, we have shown that a measurement of the initial position that does not disturb the wave function is not possible.
Summing up, the results in subsections II B 1, II B 2 and II B 3 show the fundamental differences between classical and Bohmian mechanics regarding the possibility of experimentally ascertaining the initial conditions of a system. Both are deterministic theories but, while according to the former we can in principle measure the initial conditions and possibly make a precise prediction of the future evolution of a system, this is not the case according to the latter.
We can now see these same results under a new light. Since in Bohmian mechanics we cannot measure the state of a system, this entails that we do not have any means to experimentally select or produce a set of systems that are guaranteed to be identical-in the same Bohmian state. Imagine that we have a collection of electrons all prepared so that their effective wave function is the same. From the standpoint of the orthodox quantum-mechanical approach (and of any quantum theory that assumes that the wave function alone provides a complete description of a system), these electrons are identical as they have the same wave function. If we measure a property and we obtain different results, it will be puzzling. We are then forced to accept indeterminism and that there is no cause of the different results. From the standpoint of Bohmian mechanics, however, the electrons are not identical: even if they have the same effective wave function, their positions (relative to the wave function) need not be the same. Therefore, there is no puzzle if they behave differently and produce different results upon measurement. Different initial (Bohmian) states give different final results! Given that we cannot make a finer-grained selection procedure (discerning at the same time the wave function and the positions), the fact that we cannot make precise predictions concerning the future evolution of each electron is naturally accounted for: we cannot do so because we lack information on the complete state of each individual system. As we will see in the next section, the most we can do is adopt a statistical treatment of our ensemble, making a guess as to the distribution of the positions given the wave function.
Measurement of the wave function from weak values
On the one hand, we have explained in subsection II B 2 that the wave function cannot be measured. On the other hand, we have shown in subsection II B 3 that, even when the wave function is properly "prepared", a measurement of the position of a particle necessarily perturbs the "prepared" wave function (unless the latter is very close to a delta function in the position representation). These results concerning our ignorance of the initial state of the wave function and the initial positions of the particles imply an unavoidable unpredictability in the deterministic Bohmian theory. At this point, the reader may wonder whether these conclusions are in conflict with the "weak measurement" techniques that have recently attracted a lot of attention both from a theoretical and an experimental point of view [8] [9] [10] .
In particular, the work entitled "Direct measurement of the wave function" [9] shows the first experimental reconstruction of the transverse spatial wave function of a photon. The experimental procedure for such a reconstruction is the following. Two consecutive measurements are done in a quantum system with a well prepared wave function. The first measurement performs a weak measurement of the position, which implies a weak perturbation of the wave function. The second measurement is done on the previously weakly perturbed wave function through a projective-strong-measurement of the momentum that finally collapses the wave function. The above two consecutive measurements are repeated in many experiments, each one with an initial wave function "prepared" in an identical way. Then, from all the experiments, only the experiments whose measured momentum gives a particular value are selected (and the rest of experiments are disregarded). The average value of the measured position computed only from the set of experiments that have been previously selected allows to reconstruct the wave function. A discussion of this experimental procedure can be found in [9, 11] . The average value obtained from the above procedure (that provides information beyond that obtained from standard projective-strong-measurements) is called the "weak value". Does the so-called "Direct measurement" of the wave function in Ref. [9] contradict the main result of subsection II B 2? Obviously, no. Throughout this paper (unless otherwise indicated), we refer to a measurement as the procedure to get an outcome from a single experiment. The value of a measurement of a single experiment can be related to a position of a (measuring apparatus) pointer while, by its own construction, a weak value cannot be related with the position of a pointer in a unique experiment. Therefore, the result of Ref. [9] is not the type of "direct measurement" that we were dealing with in this paper. The authors of Ref. [9] do also use the word "direct" in their title to differentiate their experiment with weak values from another experimental technique, quantum tomography [7] , which estimates the wave function from a collection of projective (strong) measurements of observables. Each observable in this tomographic technique is obtained from a different experiment with an identically prepared wave function. We prefer here to use the words "direct measurement" when the information is obtained from an individual quantum system in a unique experiment (with a single-or multi-time measurement). With our definition, extracting information of the wave function from quantum tomography [7] or from weak values [8] [9] [10] cannot be considered a direct measurement of the wave function, because it is not done in a single experiment. For the same reason, experiments involving weak values of the (Bohmian) velocity cannot be considered as direct measurements of the (Bohmian) trajectories [12] [13] [14] .
III. A STATISTICAL DISCUSSION OF RANDOMNESS
When it comes to discussing phenomena such as uncertainty, unpredictability and randomness from the standpoint of Bohmian mechanics, most authors start with the quantum equilibrium hypothesis which is, in fact, the essential statistical consideration assumed in Bohmian mechanics in order to determine the initial positions of particles probabilistically. As we will see, this hypothesis is crucial for establishing the empirical content of the theory and it guarantees the empirical equivalence of Bohmian mechanics with ordinary non-relativistic quantum mechanics. Yet here, we have preferred a different approach, showing first that certain limits on what can be measured arise in Bohmian mechanics. This has been done without explicitly invoking the details of the quantum equilibrium hypothesis and focusing instead on the dynamical laws of the theory. These limits-which do not arise in classical mechanics-in turn imply limits on what can be predicted.
We ended the last section with the idea that if we have a collection of systems prepared similarly (with the same effective wave function), then we cannot control their positions, since measuring the positions would perturb the wave function. While it could therefore seem as if no prediction can actually be made, the quantum equilibrium hypothesis comes to our rescue with an explicit suggestion of how the positions of systems with the same wave function are statistically distributed. In what follows, when describing the quantum equilibrium hypothesis and its implications, we are reviewing in general the work of Dürr, Goldstein and Zanghì from 1992 in Ref. [4] A. The quantum equilibrium hypothesis
The quantum equilibrium hypothesis can be stated as follows: Quantum equilibrium hypothesis: For an ensemble of identical systems, each having the wave function φ, the empirical distribution of the configuration of the particles ρ is given by ρ = |φ| 2 .
All quantum experiments (without exception) provide strong empirical support for this hypothesis. It is well known that for any quantum theory to be compatible with the empirical results of all available data regarding quantum phenomena, the Bohmian theory among them, it has to satisfy the Born rule. This rule states that, if a system has a well-known (effective) wave function φ(x, t) at time t, the probability of finding particles with configuration x in volume dx is equal to ρ(x, t)dx = |φ(x, t)| 2 dx. In consequence, if we want to ensure that quantum mechanics and Bohmian mechanics have the same empirical content, the Born rule has to hold in Bohmian mechanics as well. But in Bohmian mechanics, the measured configuration always corresponds with the actual configuration of the system. Therefore, the empirical equivalence of Bohmian mechanics and quantum mechanics is satisfied when the quantum equilibrium hypothesis is considered.
B. The justification of the quantum equilibrium hypothesis
For Bohmian mechanics to predict the results determined experimentally, we have to assume the quantum equilibrium hypothesis, which enters the theory either as a postulate or as a consequence of some deeper physical consideration. An insightful justification for the quantum equilibrium hypothesis has been proposed by Dürr et al. [3, 4] . They argue that the quantum equilibrium hypothesis is just a consequence of living in a typical universe. Given that Eqs. (1) and (2) are deterministic, picking an initial configuration for all the Bohmian particles, X(0) = {X 1 (0), X 2 (0), ..., X N (0)}, amounts to picking one complete possible history of the universe. Consider a history with many subsystems of the universe that, at different places and times, have the same conditional wave function, ψ (with respect to each one's own subsystem coordinates). We will say that the quantum equilibrium hypothesis is satisfied in this particular history if the actual empirical distribution of the configurations of these subsystems suitably approximates the distribution ρ = |ψ| 2 . Using the law of large numbers and assuming that initial configurations (and therefore histories) are weighted with the measure given by ρ(x, 0) = |Ψ(x, 0)| 2 , Dürr et al. show that most initial configurations lead to histories that satisfy the quantum equilibrium hypothesis (if we understand ρ(x, 0) = |Ψ(x, 0)| 2 as giving a measure of typicality over the initial global configuration of particles; that is, over the set of Bohmian histories) 9 . Note that this account is not circular, since Dürr et al. derive the quantum equilibrium hypothesis (which is a constraint applied to subsystems of the universe with well-defined effective or conditional wave functions) from the assumption that the initial configuration of the whole universe is distributed according to ρ(x, 0) = |Ψ(x, 0)| 2 , which is a constraint on Bohmian histories 10 .
C. Absolute uncertainty
If it is assumed that the configuration of the whole universe at the initial time is distributed according to ρ(x, 0) = |Ψ(x, 0)| 2 and given that |Ψ(x, t)| 2 is equivariant, the following fundamental conditional probability formula can easily be derived:
Recall that here, x is the variable of the (sub)system of interest, while y represents the variables of the environment and |Ψ(x, Y(t), t)| 2 is the joint distribution of the configuration {X(t) ∈ {x, x + dx}, Y(t)}. In addition, ψ(x, t) is the normalized conditional wave function 11 . It follows from Eq. (27) that even in the case when the exact detailed configuration of the whole environment, Y(t), is precisely known (information which is not accessible via measurements), there is no more information on the position of the subsystem studied than that expressed in the right-hand side of Eq. (27). In other words, even if an experimenter could known exactly all the positions of the particles composing the measuring apparatus or environment associated with a quantum subsystem, the maximum information on the position of the particle that constitutes the subsystem being studied is the modulus squared of its conditional wave function |ψ(x, t)| 2 . In this sense, Dürr et al. [4] have called the uncertainty implied by Eq. (27) absolute uncertainty. All the empirical statistical contents of Bohmian mechanics follow from this formula.
It is worthwhile making the following point: the absolute uncertainty and conditional probability formula just introduced do not imply that precise information on the configuration of the subsystem X(t) cannot be obtained. The crucial aspect expressed in Eq. (27) is that such knowledge (precise information on the subsystem X(t)) must be mediated by ψ(x, t). But in Bohmian mechanics, ψ(x, t) does not merely represents our knowledge of the system; it also has an important and crucial dynamical aspect, i.e. it guides the motion of the particles. This implies that the absolute uncertainty just introduced above embodies, when the specific dynamics is considered, absolute unpredictability.
In section II, we use dynamical arguments to show that we cannot know the position and the wave function of a subsystem of interest at the same time, because measuring the position always disturbs the wave function. In what follows, we want to show that this is in perfect agreement with the statistical considerations introduced above in this subsection. In order to see this, we again consider the subsystems x and y mentioned in the numerical example of subsection II B 3, with an initial (conditional or effective) wave function φ(x, 0) = Φ(x, Y (0), 0) with some spread along the x-axis, as represented in Fig. 1 . We will also consider that the interaction between the subsystems x and y 9 The interpretation of the measure ρ(x, 0) = |Ψ(x, 0)| 2 is a subtle and complicated matter. Understood literally as a probabilistic distribution, it invites one either to think of a supernatural being playing with the initial conditions or to a subjectivist reading. We do not favor either of these. With respect to this question, Bell eloquently asserts: "A single configuration of the world will show statistical distributions over its different parts. Suppose, for example, this world contains an actual ensemble of similar experimental set-ups. [...] It follows from the theory that the 'typical' world will approximately realize quantum mechanical distributions over such approximately independent components. The role of the hypothetical ensemble is precisely to permit definition of the word 'typical' ." ( [17] , p. 129).
Here we want to go along with Bell in considering that ρ(x, 0) is a measure of typicality-not a probabilistic measure-and to stress that the only role of the hypothetical ensemble is precisely to permit definition of the word 'typical.' For more details on this issue, see [4] . 10 A more detailed discussion of this argument can be found in this Special Issue in the article of Michael Esfeld and co-authors. 11 The normalization constant is irrelevant because the Bohmian velocity does not depend on normalization factors. constitutes a measurement of the position of x: after the interaction, the final position of the pointer, Y (t f ), is suitably correlated with X(t f ), so we can infer the latter with precision by looking at the former. Finally, let us assume (for the sake of the argument) that the (effective) wave function of the system at the final time is equal to that function at the initial time, i.e. φ(x, t f ) = φ(x, 0). Now, this last condition contradicts Eq. (27) for the following reason. Given the knowledge of the environment, we know the position of x perfectly. For instance, the probability distribution of the position of x (conditioned by our knowledge that the final pointer position is Y (t f ) ≈ 20 nm) is approximately δ(x − 20 nm). From Eq. (27), it then follows that the (conditional) wave function after the measurement is, indeed, a delta function. However, above we also require that φ(x, t f ) = φ(x, 0). The two requirements are incompatible, because δ(x − 20 nm) = |φ(x, 0)| 2 (unless our initial wave function was in fact a delta function, which contradicts our supposition).
As can be seen from this example, it follows from the fundamental conditional probability formula that if, after an experiment, by knowing the position of the pointer we can infer with precision the position of the object, then the conditional wave function of the object after the experiment must approximate a delta function regardless of what the initial conditional wave function was.
IV. RANDOMNESS, MEASUREMENT AND EQUILIBRIUM
In section II, we relate quantum randomness with our inability to measure the initial conditions of a quantum system. Next, in section III we claimed that quantum randomness arises because our universe is in quantum equilibrium. These two clarifications of the concept of quantum randomness may seem unconnected. In this section, we want to briefly argue that this is not the case and that the notion of measurement is indeed closely related with the statistical notions of equilibrium and non-equilibrium.
A. Measurement and equilibrium
Measuring implies obtaining knowledge of a system through the use of an apparatus. Independently of whether we are considering a classical or a quantum measurement, such knowledge requires the existence of a correlation between the system and the apparatus; a correlation that must be stable and robust enough to lead to the formation of a permanent record (e.g., a black spot on a photographic plate, a computer printout, etc.). We usually take the possibility of knowledge (that is, the possibility of the existence of strong and robust correlations between different subsystems) for granted. Yet the fact that this type of correlations does exist depends on how our universe works; and its working could easily have been otherwise.
Consider, for instance, the toy-model of a classical measurement that we introduced in subsection II B 1. The very fact that there is a macroscopic pointer that correlates with some property, A(x, p x ), of a system, as represented by the Hamiltonian in Eq. (11), presupposes a scenario that is clearly out of equilibrium. If the whole universe were in thermodynamic equilibrium, no such macroscopic correlations could arise. Therefore, the very possibility of measuring is related to the equilibrium conditions that hold in a particular situation.
When it comes to thermodynamic equilibrium, the universe can be considered to be a sea of non-equilibrium with some islands of equilibrium. This fact regarding our universe allows for the ubiquitous existence of measuring-type interactions, such as those described by the Hamiltonian in Eq. (11) . When it comes to quantum equilibrium, however, the situation is not the same. All the empirical evidence we have suggests that our universe is globally in quantum equilibrium. Therefore, all systems are in quantum equilibrium and the limitations that this condition imposes upon measurements admit no exception. In the next subsection, we explore these limitations again.
B. Quantum equilibrium and position measurement
We have shown that in classical mechanics it is possible to establish a perfect correlation between a pointer and the position of a particle. Here, we now argue why the same measurement of position is not possible in a universe in quantum equilibrium.
A quantum measurement of position also requires a correlation between X(t f ) and Y (t f ). The two positions are, however, in quantum equilibrium. Because of this equilibrium, when we predict the (Bohmian) position of the particle we have to treat X(t 0 ) and Y (t 0 ) as random variables distributed according to |Φ(x, y, t 0 )| 2 . Therefore, different experiments are associated with different random initial positions that, via the guiding law in equation (9) , will correspond to different X(t f ) and Y (t f ) at the final time t f . By equivariance, after the experiment, the probability distribution of X(t f ) and Y (t f ) is given by |Φ(x, y, t f )| 2 . Therefore, the only way to really establish a close correlation between X(t f ) and Y (t f ) in all experiments is through the quasi-delta function shown in Fig. 2 . In contrast, quantum equilibrium implies that the type of wave function depicted in Fig. 3 will never provide perfect correlation between the system X(t) and the pointer Y (t) (the same value of the pointer indicating Y (t f ) is compatible with many different positions of the system in different experiments). Finally, let us stress again that, as opposed to other types of equilibrium (thermal, electrostatic or thermodynamical), quantum equilibrium does not require "relaxation times". As evidenced by all experiments, our universe is in quantum equilibrium, and all subsystems satisfy the quantum equilibrium hypothesis at any time. This is just a consequence of the equivariant property of the universal wave function discussed in section II. Thus, there are unavoidable limitations to our knowledge of the positions of particles. In fact, once the wave function is prepared, there is an absolute uncertainty regarding the positions of the particles.
V. CONCLUSIONS
We have tried to answer the question: How does quantum uncertainty emerge from deterministic Bohmian mechanics? The equations of motion of classical and Bohmian mechanics are both fully deterministic. However, to be able to determine the output of a (classical or quantum) experiment with certainty, we have to know the initial conditions of the system. We have seen that in classical mechanics, there are many scenarios where the initial conditions can be measured and therefore we can predict the future evolution of the system with certainty. Meanwhile, in other classical systems (such as chaotic systems or those involving a very large number of particles), we cannot determine the initial conditions with enough precision to make predictions about the future with certainty. In Bohmian mechanics, the initial state of a system (including both the positions of the particles and the wave function) cannot be determined experimentally. Therefore, as our knowledge of the initial conditions is constrained, we cannot predict the future evolution of the quantum system with certainty.
The reader may realize that the foregoing answer as to how a (classical or quantum) deterministic theory becomes unpredictable is quite trivial. However, a look at the history of science shows that the unavoidable randomness of quantum systems opened an intense debate on the impossibility of using explanations based on deterministic laws for quantum phenomena. The famous (and incorrect) Von Neumann theorem [16] and the related "impossibility proofs" are the most evident examples of the intensity of the arguments against deterministic quantum theories [17] . In section II we show that the Bohmian dynamical laws do not allow the measurement of a wave function in a single experiment. Even assuming a preparation of the wave function (not a measurement), then the same laws do not allow us to determine the position of the particle without modifying the wave function (unless the initial wave function is a position eigenstate). Without the possibility of having experimental access to the initial conditions, the deterministic Bohmian theory becomes a theory that involves uncertainty in its predictions.
We have not only provided an answer to the question regarding how the unpredictability of the results of quantum experiments can follow from a deterministic theory, but we have also introduced the fundamental statistical hypothesis that quantifies the amount of randomness that appears in quantum experiments. In classical systems, when the initial conditions are inaccessible, classical statistical mechanics provides probabilistic information on typical initial conditions. In quantum systems, since the initial positions of particles are always inaccessible via measurement (without converting the initial wave function into a position eigenstate), the quantum equilibrium hypothesis determines the probability of different initial positions. This hypothesis is merely a consequence of the fact that our universe is always in quantum equilibrium (in the sense discussed in section III).
All the dynamical and statistical insights of Bohmian mechanics can be summarized in the fundamental conditional probability formula, which states that the maximum information on the position of a particle can be obtained from the modulus squared of its (conditional) wave function: |ψ(x, t)| 2 . Stated simply, any knowledge of the particle positions must unavoidably be mediated by the wave function. This imposes an absolute uncertainty on quantum mechanics, which is the fundamental key to understanding how Bohmian mechanics, despite being deterministic, can account for all quantum predictions, including quantum randomness and uncertainty.
